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Abstract 



In this paper we show some exact solutions for the Caudrey-Dodd-Gibbon 
equation (CDG equation). These solutions are obtained via ©Mathematica 6.0 
by the projective Riccati equation method. 
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O 1 Introduction 

> : 

^ ' From 70's, a vast variety of the simple and direct methods to find analytic solutions 

H : 

of nonlinear differential equations and evolution equations have been developed. Re- 
cently, the projective Riccati equation method has drawn lots of interests in seeking 
the solitary wave solution and other kinds of solutions. 
The general form of the fifth-order KdV equation is written as 

Ut + UJUxxxxx + aUUxxx + PUxUxx + 7 U^tix = (1.1) 
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where a, 7 and uj are arbitrary real parameters. In this paper we present exact 
solutions for a particular case of this equation obtained by setting a = 30, = 30, 
7 = 180 and uj = \ . Thus, the equation to be studied is 

+ Uxxxxx + "i^UUxxx + 'i^UxUxx + ISOti^Wa; = (1-2) 

Equation (11.21) is known as Caudrey-Dodd-Gibbon equation. 

2 The projective Riccati equation method 

We search exact solutions of equation (11. 2p in the form 

= ^^^^ 

^ = x + At, 

As a result we have that the equation (II. 2p is reduced to the nonlinear ordinary 
differential equation (ODE) 

\mv\i)v{if + 'iw^^\i)v{i) + \v\i) + 'iw\i)v'\i) + v^^~^{i) = o (2.4) 

To obtain exact solution for the equation (12.41) . we use the projective Riccati equa- 
tion method [4] [7] which may be described in the following three steps: 

Step 1. We consider solutions of (12. 4p in the form 

m 

^(0 = «o + 5^ a{0'-\a,a{^) + 6,r(0), (2.5) 
i=i 

where cr{^), t{^) satisfy the system 

It may be proved that the first integral of this system is given by 



(2.6) 



(2.7) 



where p = ±1 and e = ±1. 

We consider the following solutions of the system (I2.6p . 



1. Case I: 

If r = /i = then 



2. Case II: 

If e = 1, p = — 1 and r > 



rsec(v^O v^tan(yfO 



1 + fi sec{y^^) 



r cscj^O 
"^^^^=l + /.csc(v/FO' ^^^^ 



1 + ^ sec(v/r^) 
r cot(-\/r^) 



1 + fi csc{^/r^) 



3. Case III: 

Ife = — l,p=— 1 and r > : 

(73 



7"3 



r sech(A/r ^) 
1 + p sech(y^^) 

/r tanh(y^i^) 



1 + ^sech(-yr 1^) 



4. Case IV: 

If e = —1, p = 1 and r > : 



0-4 



T4 



r csch(yr ^) 
1 + p csch(v^^) 

/r coth(y^^) 



1 + p csch(yr ^) 



(2.8) 



(2.9) 



(2.10) 



(2.11) 
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step 2. Substituting ([23D, along with ([21]) and ([22D into ([23D and collecting all 
terms with the same power in S^^ ^ polynomial in the two variables 

cr((^) and t{S,)- This polynomial has the form 

+ea(^)^'"+^r((^) + other terms of lower degree (2.12) 

We assume that m > 1 to avoid trivial solutions. The degrees of the highest terms 
are m + 5 ( the degree of the terms aa{^)™'^^ and ccr(^)™'"'"'^r((^)), 2m + 3 ( the degree 
of the term ha{^Y^^^ ) and 3m + 1 ( the degree of the term da{^Y'^^^ ). There 
are two integer values of m for which 3m + 2 = 2m + 3 or 3m + 1 = m + 5 or 
2m + 3 = m + 5. These are m = 1 and m = 2. We are going to find solutions 
for m = 1 ( the case m = 2 is not considered here ). When m = 1 solutions have 
the form v{^) = Cq + aia{^) + &it(^) and equating in fl2.12p the coefficients of every 
power of cr(^) and of every term of the form cr-'{C)'^{C) to zero, we obtain the following 
algebraic system in the variables ao, ai, hi, . . . : 

1. e' {^1^ + pf ai = Q 

2. e\p' + pfhi = Q 

3. e' {p^ + pf (6/ie3 - 3yue + 4ai) fei = 

4. {p^ + p) {2rpaie^ — p^b\e — ph\e — ryuaie + ra^) = 

5. (e - 1) (e + l)r {2re^ - re - 3ao) = 

6. 120r2aie^ - ISOr^aie^ - ISOraoaie"^ + Glr^aie^ + ISOraoaie^ + ISOa^aie + Aaie 
-960rAt6?e5 + 1230r/x62e3 + 720paoble'^ - bAOraibje'^ - SOOrpbje - SGOpaobj 
+360raibl = 

7. 16r^/iaie^ — 20r'^paie^ + Sr'^ale^ — 12rpaoaie^ + 5r^paie^ — Qr'^a\e^ + Grpaoaic^ 
—ASvp'^bje^ — IQrpbfe^ + AQrp%\e^ + 12rp6f + \2p^aQb\e^ — l2raQa\e — Qrp%\e 
+I2e^ pa^bl - SGe'^rpaibj + Urpaibj = 
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8. 24r//^aie^ + Srpoie^ — 22r//^aie^ — drpaie^ — 6//^aoaie^ — dpaoaie^ + 3r//^aie^ 
-32fi%le* - 32/ip6?e^ + IGr/xa^e^ + 17fi%le^ + I7pph\e^ - 7rpa\e + 6raf 
-18e/x2ai6? - 18epai6? = 

9. (e - l)(e + I)r6i(120r2e6 - 120r2e^ - ISOraoe^ + IGr^e^ - ISOr^fe 
+60raoe + 180ag + A) = 

10. 6i(720rVe^ - 1320rVe^ + 662rVe^ - eir^e^ + 2A/xe2 - 150r/iaoe - A^u 
-720r/iaoe5 + 480r2aie^ + 840r/uaoe3 - 540r2aie-'^ + SeO/xa^e^ + QOr^aiC - 180/xog 
-720rpble^ - 720raoaie^ + 540r//6fe + 360rooai) = 

11. 6i(1800rV^e« - 2880rV^e6 - 480rVe^ + llSGr^/i'^e^ + 136rVe^ - TSrV^e^ + A/x^e^ 
+360rVe^ - lOSOr^'^aoe^ - 360rpaoe^ + QGOr^^Q^gS ^ 240rpooe=^ + Ape^ - QOr^^^^g 
+ 1920rVaie5 - 1800rVaie^ + ISO/i^ale^ + 180pa^e2 - 1440r/iaoaie2 + 210rV«ie 
+360rAiOoai - 1080r/i252g3 _ ^QQ^pble^ + diOr^aje'^ + biOrp'^bje 

+lSOrpble - ISOr^aj) = 

12. &i(80r//=^e^ + ASrppe^ - lOArp^e^ - 56rppe^ + ?>lrp^e^ + 13r/xpe^ - r/x^e^ 

— 24^^aoe^ — 2AppaQe' + 96r^^aie^ + 12p'^aQe'^ + \2ppaQe^ ~ 66r/i^aie^ + Arp?aie 
+32rpaie^ — 18rpaie^ + ?>Qrpa\e^ — 2Ap?aQaie^ — 2ApaQaie^ + Qp?b\e — Qrpa\ 
-24:fj,%le^ - 2Appble^ + 6/xp6?e) = 

13. 30e2 + p) 6i(60r//2e6 + I2rpe^ - h^rp'^e^ - %rpe^ - Qp^a^e^ + Qr/i^e^ 
-6paoe^ + Mrpaie^ - ^p%le - 6pble - 2Arpaie + ISraj) = 

Step 3. ( This is the more difficult step ) Solving the previous system for r, p, ao, 
Oi, bi with the aid of @Mathematica 6.0 we get bi = 0, so solutions have the form 
u = ao + aia{x + At). Tables 1, 2, 3 and 4 show the results of calculations. 
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r CSC (v^O 


1 O; — V <JV ' 


— ■yiA 1 


-1 


(5r — \fh\Jr'^ 


-4A) + 


fin 
dU 
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60 


2(l-csc(VfO) 


1 






1 




1 






r CSC (v/rO 


(5r + \/5\/ 


-4A) 


-1 




(5r + \/5\/ 


-4A) + 


60 


2 


60 


2(l-csc(VfO) 


1 






1 




1 






r CSC (a/t^) 


(5r + 75 


-4A) 
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(5r + 75 


-4A) - 


60 


~2 


60 


2 (1 + CSC i-^fr^W 
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1 






-\/Acsc ^ 


mi) 




6 




~2 
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1 + CSC ^ 


TiAe) 



Table 1 : Solutions for r > 0, e — 1 and p — l- 
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ao 



u{x, t); ^ = X + Xt 



— (-5r - 75 - 4A) 
60 ^ ^ 



2 

2 



— (-5r - VsVr^ - 4A) + -r{l+ , , , 

60 ^ ^ 2 I CSC (V^O - 1 



— (-5r + V^Vr^ - 4A) 



— (-5r + V5Vr2 - 4A) + -r ( 1 + , J_ , — 

60 ^ ^ 2 I CSC ^) - 1 



— (-5r + \/5\/r2 - 4A) 



2 



^ (-5r + x/5 - 4A) + | 1 



2 I CSC ^) + 1 



5v^ VA 

\ 

6 6 



I 
2 



CSC (l^e) + 1 



Table 2 : Solutions for r < 0, e = —1 and p = 1. 
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ai 



u{x,t); ^ — X + Xt 



— (5r - V5 Vr2 - 4A) 



1 
2 



— (5r - V5 - 4A) + — 

60 ^ ^ 2 (1 — sec (v^?)) 



60 



(5r + v^Vr^ - 4A) 



1 
2 



60 



(5r - v^Vr^ - 4A) 



1 

'2 



60 ^ ^2 (sec(VrO + 1) 



— (5r + v^Vr^ - 4A) 



1 
2 



60(^- + ^^^^- 2(sec(v^O + l) 



1 
2 



-1 



4-iyAcsch^(^; 



1 

2 



Va Va 



+ 



cosh (|v^e) + 1 



1 
2 



^ V^sec (^e) 
6 1 - sec (v^c) 



Table 3 : Solutions for e = 1 and p — —1. 
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Go 



/i 



u{x, t); ^ — X + \t 



60 



(-5r - V5 - 4A) 



1 
2 



60 ^ ^ 2(1 - sech(VrO) 



60 



(-5r + VsVr^ - 4A) 



1 

'2 



60 ^ ^ 2 (1 - sech {^/rC)) 



— (-5r - VsVf^^^) 



1 
2 



2(sech(V^0 + l) 



1 
2 



1 

2 



-1 



^ VAsech (^e) 
6 1 - sech (^^e) 



1 

2 



^ v^sech (^^) 
6 sech (^^e) + 1 



Table 4 : Solutions for r > 0, e = — 1 and p = —1. 
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3 Conclusions 

In this paper, by using the projective Riccati equation method and the help of sym- 
bohc computation system Mathematica, we obtain some exact solutions for the equa- 
tion (11.21) . The projective Riccati equation method is more complicated than others 
methods ( for example, the tanh method ) in the sense that the algebraic system in 
many cases demands a lot of time to be solved. On the other hand, this method 
allows us to obtain some new exact solutions. 
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